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Abstract: We study the formation of fermion condensates in Anti de Sitter space. 
In particular, we describe a novel version of magnetic catalysis that arises for fermions 
in asymptotically AdS4 geometries which cap off in the infra-red with a hard wall. 
We show that in the presence of a magnetic field, a {ip'-y^ip) condensate develops in 
the bulk, spontaneously breaking CP symmetry. From the perspective of the dual 
boundary theory, this corresponds to a strongly coupled version of d = 2 + 1 magnetic 
catalysis. 
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1. Introduction 

Chiral symmetry breaking usually occurs only when the interaction between fermions 
is sufficiently strong and the coupling exceeds some critical value. But, in the presence 
of a magnetic field, things work differently. By trapping particles in the lowest Landau 
level, a background magnetic field effectively reduces the dimensionality of the system, 
promoting infra-red effects. In many cases, this drives the critical coupling to zero so 
that arbitrarily weak attractive interactions will result in a condensate for massless 
fermions, together with the associated chiral symmetry breaking. This phenomenon is 
known as magnetic catalysis [1, 2, 3, 4]. 

Perhaps the simplest example of magnetic catalysis occurs in = 2 + 1 dimensions. 
Here the discussion is usually framed in terms of a pair of two-component Dirac spinors 
^'i and ^2- The "chiral" symmetry is a U{2) flavour symmetry which is broken when 
a parity preserving mass m is introduced. In the presence of a background magnetic 
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field one indeed finds that arbitrarily weak interactions are sufficient to form a con- 
densate. Importantly, this survives even in the massless limit where the condensate 
spontaneously breaks chiral symmetry, 

lim (^1*1 - ^2*2) = -7^ (1.1) 

m->-0+ ZTT 

This form of magnetic catalysis (albeit with four Dirac fermions rather than two) has 
been invoked [5, 6, 7, 8] to explain the quantum Hall plateaux in graphene which emerge 
at fiUing fractions v — {) and u — ±1 in very strong magnetic fields [9]. 

There is a similar story with just a single Dirac fermion in = 2 + 1 dimensions. In 
this case, a mass term m necessarily breaks both parity, P, and parity combined with 
charge conjugation, CP. Once again, in the presence of an external magnetic field, the 
condensate survives in the limit of vanishing mass 

lim (M) = (1.2) 

This time there is no continuous chiral symmetry to break and the magnetic field 
itself breaks P. However, the discrete symmetry CP is spontaneously broken by the 
condensate. (We will be more specific about how the different objects above transforms 
under various discrete symmetries later in this introduction). 

The condensates above are derived at weak coupling. Indeed, on dimensional grounds, 
equations (1.1) and (1.2) can only hold at weak coupling. The dimension of the exter- 
nal magnetic field is always [B] — 2 while only a free fermion has dimension [^] = 1. 
We could ask what becomes of these condensates in strong coupling situations where 

develops a large anomalous dimension. Does the condensate still survive in the 
massless m — >■ limit? In this case, the right-hand side of the (1.1) and (1.2) must nec- 
essarily become non-analytic in B. Or do these condensates vanish in a such strongly 
interacting systems? 

One of the purposes of this paper is to compute the condensate in a class of strongly 
interacting theories in which the dimension [^] is far from its free value. However, along 
the way we will also see a novel and interesting phenomenon of magnetic catalysis in 
four dimensions. The full story is somewhat intricate and we will use the remainder of 
this introduction to summarize the main points. 

1.1 Summary 

In this paper, we tell two intertwined stories of magnetic catalysis. The first story 
revolves around Dirac fermions ind — 3+1 dimensional anti-de Sitter space. The second 
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story is the holographic image of the first, projected onto the d = 2 + 1 dimensional 
boundary. 

In AdS4, our protaganist is a massless bulk Dirac fermion ip. The narrative is as 
follows: 

• For massless fermions in AdS, it's not necessary to turn on a magnetic field to 
induce a (ipip) condensate. Such a condensate occurs even in pure AdS and arises 
because the bulk chiral symmetry is necessarily broken by boundary conditions. 
At one- loop, these boundary conditions infect the bulk, resulting in a constant 
(■0V') throughout AdS. 

• In the presence of a magnetic field, the bulk geometry changes to the Rcissner- 
Nordstrom black hole. The condensate (ipip) now picks up a radial profile, but 
otherwise is little changed. In particular, no symmetries are spontaneously bro- 
ken. 

• More interesting dynamics occur when an IR cut-off is introduced in the AdS 
geometry. This can be most simply implemented through a hard wall construc- 
tion. Now massless particles can bounce backwards and forwards between the 
UV boundary and the IR wall. In this set-up, a novel form of magnetic cataly- 
sis occurs: the presence of a background magnetic field induces the condensate 

The story above is told in Section 2. The most interesting aspect is the formation 
of the condensate. This occurs due to infra-red divergences in the bulk which 

arise as the fermion undergoes an infinite number of bounces between the boundary and 
hard wall. These IR divergences result in a non-analytic term in the fermion propagator 
which, in turn, give rise to the condensate. 

The formation of a {^p'^^il)) condensate spontaneously breaks CP symmetry in the 
bulk. To see this, recall that the magnetic field B is odd under parity (Larmor orbits 
go in the opposite direction in the mirror) and odd under charge conjugation (electrons 
and positrons go in different directions in a magnetic field) and therefore even under 
CP. The transformation properties of B, the four-dimensional condensates ((ipip) and 
and the three dimensional condensate {^'^), are tabulated below. 
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Our second story of magnetic catalysis concerns the implications of this bulk physics 
for the dual boundary theory. The bulk spinor is dual to a boundary fermion ^ which 
is a two component Dirac spinor operator in d = 2 + 1. Our main result in Section 3 
is to identify the bulk and boundary operators 

^^7^^ < — > (1-3) 

This mapping is to be understood in the usual manner of AdS/CFT; a constant expec- 
tation value for ■07^'0 corresponds to a source for the sub- leading terms encode the 
condensate expectation value (^^). Notice, however, that this goes beyond the usual 
AdS/CFT dictionary. It matches a multi-particle state in the bulk to a double trace 
operator in the boundary. The formation of the bulk condensate is a one-loop effect 
while the existence of the boundary condensate is a "1/N" correction to the statement 
that all gauge invariant correlation functions factorize at large N. 

One simple, but compelling, piece of evidence for the relationship (1.3) is the match- 
ing of the discrete symmetries presented in the table above. We give further evidence 
in Section 3. The upshot is that magnetic catalysis does not happen in the simplest 
conformal field theories with an AdS dual; however, when the IR is cut-off — in our 
case, with a the hard wall — it does take place. 

There have been previous discussions of magnetic catalysis in a holographic frame- 
work, although all with a somewhat different perspective [11, 12, 13, 14, 15]. (There 
has also been discussion of an inverse magnetic catalysis effect in the Sakai-Sugimoto 
model [16]). In all these papers, one studies a bulk scalar field dual to a single trace 
fermion bilinear, ~ Tr(AA), which is identified with the embedding coordinate of a 
probe D-brane. In this setting, magnetic catalysis of a single trace operator is identi- 
fied with the bending of the brane in a background magnetic field. As should be clear 
from the discussion above, we take an alternative approach, instead mapping magnetic 
catalysis of a bulk fermion to that of a double trace operator 

2. Fermion Condensates in the Bulk 

We consider a single, four-component Dirac spinor propagating in AdS4. We work 
in the Poincare patch of AdS. We will primarily use the radial coordinate r such that 
the boundary sits at r — >■ oo, with the metric given by 

ds^ = ^{-dt^ + dx^ + dy"^) + — dr^ 
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However, at times it will prove more convenient to use the reciprocal coordinate 

r 

for which the boundary is at 2; = 0. 

The bulk fermion dynamics is governed by the action 



(2.1) 



where is the vielbein and the covariant derivative is = + Waf)/^7"^/4 — iA^. 
Here uJah^ is the spin connection and is a background gauge field which we will later 
turn on to give a magnetic field. We use the basis of gamma matrices 



/= . /: , 7'= : , , 7^= „ 1 , 7^ 







Due to the presence of the AdS boundary, in order to have a well defined variational 
principle, we must augment the bulk action with the boundary term. We choose 



_ ^ 

'boundary 



\ [ d^xVgg^ i^i^ (2.2) 



The requirement that 5S'buik + ^'S'boundary = holds if the spinor obeys the bulk Dirac 
equation, together with boundary condition 

i)+ = -{1 + Y}^ = at r = oo (2.3) 

This choice of boundary condition is usually referred to as "standard quantization" 
(even though it has little to do with quantization - it is needed to define the classical 
bulk dynamics). 

2.1 Chiral Symmetry in AdS 

Throughout this paper, we work with a massless fermion, setting m — 0. (This is 
primarily for calculational convenience. We expect that our results will carry over in 
spirit to the massive case and it would be interesting to confirm this). There are a 
number of rather special properties of the massless fermion that can be traced to the 
chiral symmetry enjoyed by the bulk action (2.1), 

^ ^ Qiajy2^ ^2.4) 
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The chiral symmetry is broken by the boundary con- 
dition (2.3). Perhaps the most physical imphcation of this 
chiral symmetry breaking is seen by thinking in terms of 
particles. It is well known that a massless particle reaches 



L(R) 

© ■ 



boundary 



> 



the boundary of AdS in finite time before bouncing back into 
the bulk. The boundary conditions (2.2) ensure that a par- <-----' © 
tide moving purely in the radial direction will reflect off the 
wall with its momentum reversed and its spin unchanged. 
Or, in other words, its helicity is reversed: a right-handed 



Arguments of this kind — what turns into what after 
bouncing off what — will be increasingly important. For this reason, it's useful to spell 
this out in more detail why the AdS boundary inverts the helicity as claimed. To do 
so, we look at the solutions to the massless, bulk Dirac equation. It is convenient to 
do this using the z = L'^/r coordinates, where the boundary is at 2; = 0. A typical 
wavefunction obeying the bulk Dirac equation is then given by 




The first term corresponds to a right-handed particle moving towards the AdS bound- 
ary; it has eigenvalue +1 under 7^. The second term is needed to ensure that the 
boundary conditions (2.3) are obeyed. It corresponds to a left-handed particle moving 
away from the boundary. 

There is one further implication of chiral symmetry that will be important for us: 
this is a circle of possible boundary conditions, first described in [17, 18]. This circle 
arises by acting on the boundary term (2.2) with the chiral symmetry (2.4). This gives 
rise to a new boundary term. 



The point a = reduces to the boundary condition (2.2); the point a = n corresponds 
to what is usually called "alternative quantization". For m = 0, these two points are 
continuously connected by the one-parameter family of boundary conditions above. In 
the dual boundary theory, this corresponds to the existence of a hue of large fixed 
points, induced by the marginal double trace operator [19, 20]. We will have more 
to say about this in Section 3. 



particle returns left-handed. 



Figure 1: Flipping Helic- 
ity 




(2.5) 
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Re-doing the analysis above, we learn that the general a boundary condition has the 
following effect on ingoing particles: a right-handed fermion returns left-handed, but 
now also picks up a phase e*"; a left-handed fermion returns right-handed, now with a 
phase e~*". 

This circle of boundary conditions will be very important for us when computing 
the effects of magnetic catalysis. To prepare for this, it will be useful to introduce the 
familiar notation for left- and right-handed spinors 

= , V'ii = ^(l + 7')V' (2.6) 

The advantage of this is that one can introduce a single complex fermion bi-linear. 

It is easy to disentangle the contribution from tjj'y^ijj and ijjilj since the former is real, 
while the latter is purely imaginary^. This means that we can extract the condensates 
(■07^'0) and {'ipip) that we are interested in from the magnitude and phase of {'iPl'4^r)- 

2.2 Boundary Contamination: (^V') 

The phenomenon of magnetic catalysis describes the formation of chiral symmetry 
breaking condensates, such as {'ipip), due to an external magnetic field. But in AdS, 
you don't need a magnetic field to induce a fermion condensate: the condensate ap- 
pears already in vacuum as a consequence of the boundary conditions. This effect was 
described long ago in [21] and discussed more recently in the context of AdS/CFT in 
[22, 18]. Here we provide a simple derivation of the condensate. 

We work with a massless fermion m — and start with the standard boundary con- 
dition (2.2). The condensate is a one-loop effect and can be thought of as an infection: 
the breaking of chiral symmetry by the boundary leaks into the bulk, manifesting itself 
through the presence of a {ipip) condensate. To see this, we employ the form of the 
spinor bulk-to-bulk propagator given in [23]. 

For a fermion of general mass m, the propagator in [23] involves sums of hyperge- 
ometric functions. But for m — 0, something nice happens. These hypergeometric 
functions reduce to elementary functions and the propagator becomes much less intim- 
idating. It is once again convenient to use the reciprocal coordinate z — L'^/r and we 

^Note that {"iptp) is imaginary because, in signature ( — h -|— 1-), 7*^ is anti-hermitian. 
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denote two points in the bulk hy Z = {z, x) and W = (w, y). The massless propagator 
is 



(2.7) 



\{Z - Wf + (f - y)2]2 [(^ + + _ ^2]2_ 

These two terms have a very simple interpretation which follows from the fact that a 
massless fermion in AdS is conformally related to a massless fermion in flat space with 
a boundary. The first term represents direct propagation from Z to W; the second 
term represents propagation from Z to the mirror image of W which lies behind the 
boundary at {—w,y). The conformal factor, (zwY^"^, can be seen sitting out front. The 
presence of the Y factors in the second term reflects the helicity-violating boundary 
condition (2.3). 

The condensate is easily computed by taking Z — >■ W. The divergence in the first 
term of (2.7) is the usual divergence in fiat space and can be dealt with by simply 
taking the trace over the gamma matrices from the beginning^. We're then left with 
the condensate 

i 



{i/jj/j) = lim TrS{Z,W) = 



This is reminiscent of the mechanism of generating chiral symmetry breaking through 
confinement in the bag model of QCD [24] . Here AdS acts like a (very big) bag. 

It is simple to generalise the computation of the condensate to a generic point a 
on the circle of possible boundary conditions. Indeed, the answer follows simply by 
acting with the chiral transformation (2.4) which ensures that the phase of the {'iPl'^Pr) 
condensate follows the phase of the boundary term, 

(^^*H> = ^ (2.8) 
2.3 Turning on the Magnetic Field 

This paper is primarily concerned with fermionic condensates in the presence of a 
magnetic field. We will go slowly, introducing one new piece at a time until we build 
the full picture. 

The key bit of physics which underlies all magnetic catalysis phenomena is the ef- 
fective dimensional reduction due to the magnetic field. Semi-classically, particles are 
trapped in Larmor orbits; quantum mechanically they are restricted to Landau levels. 
In strong magnetic fields, only the lowest Landau level is important and the dynamics 
is reduced from d spatial dimensions to d — 2. 

^For a massive fermion, taking the trace is not sufficient to remove the divergence and one must 
subtract the flat space divergence from the AdS result. 
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Let us flesh out this dimensional reduction in more detail for fermions in AdS with a 
background magnetic field B in the radial direction. For our purposes, it will suffice to 
keep the background metric as AdS, neglecting the backreaction of the magnetic field 
on the geometry. (The reason for this will become clear in the next section). In the 
appendix, we provide a computation in the Reissner-Nordstrom black hole background. 
We'll start by considering a, d — 2 + 1 dimensional slice of the AdS4 geometry at fixed 
r. We choose the gauge 

A^^By 

Ignoring the radial direction for the time being, wc decompose the four-component 
spinor ip into two two-component spinors Xi ^-^id X2 with the ansatz. 



,—iu)t+ikx 




(2.9) 



The massless Dirac equation reduces to a 3d Dirac equation for each of the Xi 



(jj i{k — By) 

i{k — By) + idy —ou 



id,, 



It is straightforward to reduce this equation to that of the simple harmonic oscillator. 
The eigenvalues are given by 



n 



n 



0,1,2,... 



Landau 
levels 



+ Spin 



-If 
-If 



These, of course, are the Landau levels. Importantly, 
the lowest Landau level for massless relativistic fermions 
has vanishing energy. This is because the usual +\B 
zero point energy of the lowest Landau level is precisely 
compensated by the —\B shift in energy which arises 
from the spin coupling. This Zeeman splitting is shown 
in Figure 2. 

Figure 2: Zccman Splitting of 
The zero modes for each of the two component spinors the Landau Levels 
Xi and X2 are given by 



E=0 



Xi 



^-B{y-kBf/2 




The fact that the zero mode has support only in the second component of Xi is telling 
us that the lowest Landau level is spin polarised. In contrast, all higher Landau levels 



9 



include states with both spins as shown in the figure. This means that the density of 
states of the lowest Landau level is -B/27r, while all higher Landau levels have density 
S/tt. 

With our interest in low energy physics, we focus only on the lowest Landau level. We 
now re-introduce the radial direction r, promoting the fermionic zero modes to functions 
Ci{r,t). There is one such zero mode for each state of the lowest Landau level, i.e. for 
each value of k. Each of these zero modes is governed by a d = 1 + 1 dimensional 
action for the two-component spinor = (^1,^2), which arises upon substitution into 
the action^ (2.1), 



In this expression, the two-dimensional gamma matrices implicit in p arc given by 
= {—i(T^,a^). The covariant derivative now contains the spin connection, but no 
gauge field. 

The computation of the condensate is entirely analogous to the calculation in Section 
2.2. The 2d propagator arising from (2.10) is once again conformal to the flat space 
propagator for a fermion on the half line. There are two terms: one arising from direct 
propagation; the other from a bounce. After taking the trace, only the bounce survives. 
It is most useful to express the resulting propagator in terms of 2d chiral fermions 
and ^R, the definition of which can be traced to the 4d definition (2.6). 



We work with general a boundary condition (2.5). Inserting the fermions at equal times, 
but different radial positions, the contribution to the propagator from the bounce is 



where the overall factor of e*" is the phase picked up by a right-handed fermion af- 
ter bouncing off the boundary, as discussed in Section 2.1. The {zw)^^"^ term is the 
conformal factor and the remaining term is familiar as the flat space propagator. We 

^Strictly speaking, the action (2.10) only arises from (2.1) when the fermionic zero modes are 
appropriately normalised. In particular, this means taking a suitable Fourier sum over k modes. The 
choice of normalisation, while changing intermediate steps, does not affect the end result for (ip'ip) that 
we're interested in. 




(2.10) 
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can immediately compute the condensate of the two-dimensional fermion by taking the 
trace and sending z ^ w, 

To compute the ip condensate, we must sum over all fermi zero modes^ . This just gives 
a factor of the density of states which, in lowest Landau level, is -B/27r, 

{^I^l^I^r) = ^{Ur) (2-11) 

Finally, reverting to our original coordinates r = L'^/z, we learn that the contribution 
to the condensate from the lowest Landau level is 

Mr) = (2.12) 

It's worth making an obvious point about this result: nothing particularly surprising 
happens with the phase e*" of the condensate. Just as in pure AdS, the phase follows 
that of the boundary. In particular, if a = 0, we have a {il^ip) condensate, but (ipj^ip) ~ 
0. (This "obvious" statement will cease to be true in the example described in the next 
section) . 

The condensate (2.12) arises only from the lowest Landau level. In fiat space, the 
gap to the next level is \/B, but in AdS this is warped to y/BL/r. As we approach 
the boundary, the gap goes to zero which is to be expected since the magnetic field 
is becoming dilute there. (Of course, B itself stays constant, but the metric factor 
enlarges). So for processes that occur close to the boundary, we expect the higher 
Landau levels to play an important role, resulting in the constant condensate (2.8) 
that we previously computed. The cross over from the constant to 1/r^ behaviour 
happens at r ~ \fBL'^. 

2.4 Between a Boundary and a Hard Place: (V'T^V') 

In this section, we introduce the feature that makes things more interesting. We impose 

a second, refiecting boundary condition on the fermions in the infra-red. For now, we 

impose this in the most brutal fashion possible; a hard wall at r = where AdS ends. 

Such hard wall geometries have long been used in the study of AdS/QCD [26] as a way 

to avoid the complexities of more honest geometries that exhibit confinement [27, 28]. 

More recently, it was noted that placing fermions at finite density in such a hard wall 

geometry leads a holographic construction of a Landau fermi liquid [29]. Our goal here 

is to study magnetic catalysis in this system. 

'^From (2.9), we see that any individual zero mode is not translationally invariant in the {x,y) 
plane. One restores translational symmetry only upon integrating over all modes labelled by k. 
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With a hard wall at r = r*, we must also impose IR boundary conditions on the 
fermion. Just as in the UV, there is a one-parameter family of possible boundary 
conditions that are related by a chiral transformation. We label them by a', 



'wall 



= - J / d'xy^ V^e^^'^V (2.13) 



The overall minus sign arises because this term cancels contributions from the lower 
limit of the bulk integral (2.1) rather than the upper end. Only the relative phase 
between the wall and the UV boundary is important. For this reason, we set a' = 
but keep the possibility of a general phase a in the UV boundary condition (2.5). 

With two walls for the fermions to bounce ^aii uv 
off, we have more contributions to the propagator = 
in which the a particle traverses the distance be- 
tween the two walls many times. Every time the -- ----^ 

fermion bounces off either boundary, its chirality *° 

is flipped. In addition, it picks up a phase e*" _ 

when bouncing off the UV boundary. " 

To compute {^l^r), only the trajectories with 
an odd number of bounces contribute since chiral- Figure 3: Many bounces 

ity is not flipped after an even number of bounces. 

It is useful to distinguish between trajectories that start their life moving towards the 
UV boundary and those which start moving towards the IR hard wall. 

As discussed in Section 2.1, right-handed fermions which begin by moving towards 
the UV wall pick up a phase for each bounce. This gives rise to the series 



{^L^r) That Way — (^) 



2^^ 2z + 2z^ ^ 2(z + 2z^) ^ 



An \LJ ^ z + nz^ 

n=0 

where we have again flipped to coordinates z = L'^/r G [0,^;^,]. Each contribution to 
the condensate picks up an extra factor of e*", reflecting the bounce from the UV wall, 
while the denominator increases by 2^^, twice the distance between the walls. 

Right-handed fermions which start life by moving towards the IR hard wall are left- 
handed by the time they bounce off the UV. They pick up a phase e~*" for each bounce. 
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resulting in the series 

(CLCR)This Way = +^ (^J^ 



+ ^ T + ^ T + • • • 



2{z, - z) 2{2z^ - z) 2{3z^ - z) 

oo 



47r \LJ ^ z + nz^ 

n=—l 



These two series were made for each other. Summing them, and using the relationship 
(2.11), we find the 4d condensate due to the lowest Landau level given by the series 



z + nZi, 



This series is conditionally convergent, but not absolutely convergent. This makes it 
interesting! As we will now show, the most interesting feature is that the sum is not 
continuous at a — 0. 

It is a simple matter to regularise the sum by adding terms in a prescribed order. 
One physically motivated way of doing the sum is to first add the two terms associated 
to a single bounce, then the two terms associated to two bounces, and so on. Ordered 
in this fashion, the sum becomes. 



F{a, z) = e 



„ina f Ana „— i(n+l)« 

la \ " \ ^ 



^ z + nZi, ^ 

n=—oo n=0 



+ 



z + nz^ z — {n+ l)z^ 



This sum F{a, z) is plotted in the complex plane below. Each fine corresponds to the 
sum evaluated for a different value of a = 27rp/24 with p e Z. The line itself then 
shows the value of F{a, z) as z varies between z e [0, z^ 

Of particular interest is the gap between the two horizontal lines on the left of the 
plot. These two lines show the discontinuity; they correspond to a — > 0+ and a — > 0~ 
respectively^. As is clear from the plot, the discontinuity as a — > sits in the imaginary 
part of F{a, z). 

While the numerical result above was plotted for a particular choice of regularization 
of the sum F(q;, z), there is a more universal way of stating the main result: regardless 
of how you choose to perform the sum, F(q;, z) is not single valued as a — > a + 27r. To 
determine the size of the discontinuity, we note that it arises from the log divergences 



^Numerically, these lines are plotted for a = ±10 x 27r and are robust to tuning a to smaller 
values. 
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Figure 4: Flow of the condensate in the complex plane. 



in the n — )■ oo terms in the sum. But for large n, the sum can happily be approximated 
by the integral 



(This equation reduces to the familiar Fourier transform for the delta function after 
differentiating by a). The analytic term f{z, z^,) above differs from that of the sum since 
the integral is only an approximation. However, the non-analytic term sign(a) has the 
same origin in the both the sum and integral. Indeed, it can be checked numerically 
that this coincides with the gap in Figure 4. 

Physically, this result has consequence. As a — )■ 0, there remains an anomalous phase 
in (i/jl'^r) which no longer becomes purely imaginary in the limit. From our discussion 
in Section 2.1, this is interpreted as an anomalous (tpj^ip) condensate. 



This is one of the main results of this paper. We will describe its implication for the 
dual boundary field theory in Section 4. 




lim (ip'j^ip) = ± 



1 BLn 



(2.14) 
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As should be clear from the derivation, the geometry of AdS space was not necessary 
for this effect. It should also arise in a Casimir-like setting in which Dirac fermions are 
trapped between two, suitably reflecting, plates. 

Discrete Symmetries in 4d 

The condensate (2.14) spontaneously breaks the discrete CP transformation of the un- 
derlying theory. Since these discrete symmetries arc important for making connections 
with the boundary theory, we pause here to review how they work. We start with 
parity, P. In the presence of the boundary of AdS, it is convenient to define this as 
— )■ —x^, with x^ and r left unharmed. The transformation on the spinor is then 

P -.ij ^ -f^-f^ (2.15) 

With this choice, {ipip) is a scalar and parity even, while (ipj^ip) is a pseduoscalar and 
parity odd. 

With our choice of gamma matrices, charge conjugation is defined as 

C : V ^ (2.16) 

Both {ipip) and (^7^^) are even under charge conjugation. (To derive this result, one 
must also use the Grassmann nature oi 

Finally, the magnetic field B is odd under both parity and charge conjugation. The 
net result is that both B and {ipip) are unaffected by CP and the symmetry is sponta- 
neously broken by {'ip^^ip) as claimed. 

3. Fermion Condensates in the Boundary 

We now turn to discuss the implications of the bulk fermion condensate for the dual, 
d = 2 + 1 dimensional, boundary theory. We start by describing some simple aspects 
of the boundary theory. 

3.1 Aspects of the Dual Theory 

The four component Dirac spinor i/j is dual to a two-component Dirac spinor operator ^ 
in the boundary theory. For a massless bulk fermion, the dual operator has dimension 

A[*l = I 

This has consequence. In the large N limit, the double trace operator is exactly 
marginal, giving rise to a line (actually, a circle) of fixed points. As explained in [17, 18], 
this can be identified with the circle of boundary conditions for the bulk spinor that 
we introduced in (2.5). 
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Discrete Symmetries in 3d 

The 3d gamma matrices are inherited from their four-dimensional parents. They are 



73d = ^^^' , 73d = ^ = 1,2 

Similarly, the transformations under the discrete symmetries of parity and charge con- 
jugation are inherited from (2.15) and (2.16) respectively. Under parity, —x^, 
with x"^ left untouched, and 

p ^ 7^* 
Meanwhile under charge conjugation 

C : * ^ y^* 

With these definitions, we can check the charge assignments presented in the intro- 
duction: is odd under parity and even under charge conjugation. Importantly, 
therefore, it is odd under CP. 

Mind the Gap 

The hard wall that we introduced in Section (2.4) gives rise to a gap for the 'W^" 
degrees of freedom in the boundary theory. There are a tower of massive states which 
can be thought of as different bound states of the underlying large N degrees of freedom. 
The typical energy sphtting of these states is 




However, for the fermion spectrum with the general boundary conditions labelled by a, 
there is a surprise. The gap depends on the value of a. And, for the value a — where 
magnetic catalysis occurs, the gap vanishes^. In other words, at a = the fermions in 
the boundary theory are massless, despite the presence of the hard wall. This point 
will be discussed in more detail in a forthcoming publication [30] . 

It is simple to check that the boundary conditions employed in [29] correspond to 
q; = TT in our notation. Here there is a gap in the fermion spectrum, but this leads 
to a minor puzzle since, as we described above, a mass term for a Dirac fermion in 
d = 2 + 1 dimensions breaks parity. Yet, before we turn on a magnetic field, there is 
no hint of parity violation in the hard wall geometry. There is an obvious resolution to 

^We thank Kenny Wong for pointing this out to us. 
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this puzzle. Parity invariant mass terms are acceptable in c? = 2 + 1 dimensions if Dirac 
fermions come in pairs with mass ±m. A conserved parity operator can then be defined 
which acts as above while simultaneously swapping the two fermions. (Although this 
discussion is standard fare, a particularly nice explanation with an eye to graphene can 
be found in [31]). Indeed, this is what happens in the hard wall model. If is an 
eigenfunction corresponding to a state in the boundary theory with some mass m then 
Yj^ip is a partner solution with mass — m. 

3.2 Identifying the Condensates 

In the previous section, we described the circumstances under which the bulk conden- 
sates (ijjijj) and {■ijj'f^ijj) form. We would now like to understand the meaning of these 
in the boundary theory. It is natural to try to identify these condensates with the 
boundary condensate (^^). But which one? 

The first comment to make is that these condensates arise as a one-loop effect in 
the bulk. (In the derivation we used only the tree-level propagator, but with the ends 
joined together. And a line with its ends joined together forms a loop). This means that 
the condensate is a "1/N" effect in the boundary theory. Indeed, in the strict large 
N limit all correlation functions of gauge invariant operators factorize which would 
imply a vanishing (^^f). So it does seem natural that a bulk condensate and boundary 
condensate are related. 

In the introduction, we advertised the result 

V^T^V < — > (3.1) 

and we will be more precise about this identification shortly. Perhaps the most com- 
peUing piece of evidence for this identification is the matching of the discrete sym- 
metries. In particular, non-vanishing expectation values for (■07^'0) and (^^^) both 
spontaneously break CP invariance. 

Another argument for the identification (3.1) is to look more carefully at the way 
the bulk fermion encodes the source and response of the boundary operator. Near the 
boundary, ip has the expansion 

'ilj+{k;r) ^ A{k)r~^^'^ + ... , ilj-{k;r) ^ D{k)r~^/^ + . . . as r oo 

where ip± — |(1 ± Y)^^- ^^e standard quantization (which means a = in our 
previous notation), A is interpreted as the source for ^, while D is the response, 
meaning D ~ (^). Now compare the two bulk bi-linears. Firstly, (■07^'0) ~ AA + DD 
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as we approach the boundary and contains two copies of the operator. This is morally 
in agreement with the general framework of [19, 20] for implementing double trace 
operators. In contrast, ('0^) ~ AD as we approach the boundary which does not look 
like a double trace deformation. A similar argument was made in [32] when describing 
double trace perturbations for fermions. 

Finally, we will be more precise about the mapping (3.1). We introduce a composite, 
massless bulk scalar field = ipj^ip. If is dual to then a constant 4> should have 
the interpretation of a source for But we have already seen that this is the case: 
a source for corresponds to moving around the line of fixed points which, in turn, 
corresponds to working with a general boundary condition with a ^ 0. But in this 
case, we have already seen that a constant condensate is formed in the bulk (2.8). 

For the a = boundary condition, there is no source for and, correspondingly no 
constant term in 4>. But, through the usual gauge gravity dictionary, the fall-off 
of (f) can be identified as the expectation value {^^). And, indeed, in the presence of 
a magnetic field, there is such a response which can be read off from (2.14) 

(i|r^) ^ -^BM (3.2) 
47r 

This is our main result, converted into the boundary theory: a strongly coupled version 
of magnetic catalysis in o? = 2 + 1. 

We can compare this to the result to the case of free magnetic catalysis described in 
the introduction. In both cases, the mass of the fermion is tuned to zero. (Explicitly at 
weak coupling, and because we send a — > at strong coupling [30]). And in both cases, 
the condensate scales hnearly with the magnetic field. However, at strong couphng we 
see that the condensate is washed away by the presence of other massless modes. Indeed, 
the mass gap, M, for the other modes is needed to compensate for the anomalous 
dimension of the strongly coupled fermion. In the limit that the gap for other modes 
vanishes, so too docs the condensate. In a generic conformal theory described by 
Reissner-Nordstrom black hole, no magnetic catalysis occurs. 

What About (ijip)? 

Above we have argued that {ipj^ip) corresponds to the boundary condensate. But what 
about (^^)? Does this have a signature in the boundary? The best answer that we 
have been able to come up with is: no. In particular, the fact that {ipip) exists even in 
pure AdS tells us this bulk condensate is part and parcel of the vacuum CFT. 
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However, this feels somewhat unsatisfactory. The slogan of holography is that the 
boundary theory knows everything that happens in the bulk. Of course, in the presence 
of dynamical gravity this is manifestly true because the only diffeomorphism invariant 
observables are those that reside on the boundary. We leave it as an open question 
whether the data in captures some interesting physics of the boundary theory. 

4. Appendix: Condensate in the Reissner- Nordstrom Black Hole 

In Section 2.3, wc described the condensate arising in the presence of a magnetic field 
in AdS. However, we did not take into account the backreaction of the magnetic field 
on the geometry. The purpose of this appendix is to describe how this changes in the 
black hole geometry^. Unfortunately, the presence of the horizon causes complication 
associated to the ambiguity of the vacuum state in curved space time. 

Allowing the magnetic field to gravitate results in the magnetically charged Reissner- 
Nordstrom black hole. These solutions have constant B and are parameterised by one 
further variable 7 which describes the deviation from extremality. The metric has the 
form 

^2 r 2 ^^2 ^2 

where 

The temperature of the black hole is given by 

1 / 52 
T= 3- 



47rr+ V" ^'^r\ 

The parameter 7 takes values 7^ > i?2/3r^, with equality for extremal, zero tempera- 
ture black holes. 

As in the calculation of Section 2.3, the magnetic field allows us to restrict to the 
lowest Landau level, with zero modes ^(r, t), and the action again takes the form. 



-S'eff = j dtdr ii Pi 



''Landau levels for fermions in the AdS black hole were previously discussed in [25]. 
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where the covariant derivative now feels the effect of the black hole metric, 

H = 72d + 72d [rfdri + \fi + \r{drf)i^ 

Just as in AdS, this action is again equivalent to a fermion on the flat half-line. The 
relevant conformal scaling of the fermion is 

^" ^ ^3/2 Jl/2 ^" 

The action becomes that of a free fermion in terms of the spinor ^ and the coordinate 

l2 

z^— g{r) 
r 



rdrg-g^-^ (A.l) 



where the function g(r) is related to /(r) through the differential equation 

1 

7 

At this stage, we employ the usual flat space propagator for the rescaled spinor. Here we 
run into some subtleties of quantum fleld theory in curved space time and, in particular, 
with the presence of horizons. The choice of flat space propagator would seem to be 
akin to picking a vacuum state with respect to the time-like Killing vector dt outside 
the horizon. This is associated to the Boulware vacuum of the fleld in the black hole. 

With this choice of the propagator, the condensate again arises from the term asso- 
ciated to bouncing once off the boundary at r — )■ cxo or z = 0. Putting all the pieces 
back together, the condensate in the lowest Landau level is given by 

// / \ ^ ^ 1 

^^^^^^ = i^V^Tg 

As we approach the horizon, r — > r+, the function — > 0. For non-extremal black 
holes, has a single zero on the horizon where we can write ~ (r — r_|_). Then, 
from (A.l), g ~ log(r — r+) (since the rdr-g term gives the leading behaviour) and we 
sec that the condensate diverges near the horizon. Such divergences are typical of the 
Boulware vacuum. 

For extremal black holes, has a double zero on the horizon. In this case, the 
condensate tends towards a constant as r — > r+, 

B L 

47r r+ 
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